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Mode regularization, time slicing, Weyl ordering, and phase space path integrals
for quantum-mechanical nonlinear sigma models
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A simple, often invoked, regularization scheme of quantum mechanical path integrals in curved space is
mode regularization: one expands fields into a Fourier series, performs calculations with only the firstM
modes, and at the end takes the limitM→`. This simple scheme does not manifestly preserve reparametri-
zation invariance of the target manifold: particular noncovariant terms of order\2 must be added to the action
in order to maintain general coordinate invariance. Regularization by time slicing requires a different set of
terms of order\2 which can be derived from Weyl ordering of the Hamiltonian. With these counterterms both
schemes give the same answers to all orders of loops. As a check we perform the three-loop calculation of the
trace anomaly in four dimensions in both schemes. We also present a diagrammatic proof of Matthews’
theorem that phase space and configuration space path integrals are equal.@S0556-2821~98!03614-5#

PACS number~s!: 04.62.1v
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I. INTRODUCTION

Quantum mechanical path integrals in curved tar
spaces have various applications. Two decades ago
were used to quantize collective coordinates of solitons@1#,
and one decade ago to calculate chiral@2# and trace@3,4#
anomalies in quantum field theories. In the former case,
path integrals were regularized by expanding the fluctuati
about the solitons into normal modes, and cutting the s
over modes off at a maximum energy or at a maximum nu
ber of modes@5#. In the trivial vacuum, on the other hand
two methods have been widely used: the time discretiza
method1 which has been pioneered by Dirac and Feynm
and the mode truncation method already described in@6#. In
the literature, both methods have been used on a par.

In this article we point out the relation and the differenc
between the two methods. Both the time discretizat
method and the mode truncation method are particular re
larization schemes which define the path integral. One
pects therefore that the results for physical objects, for
ample the transition elementT5^xf

m ,t f uxi
m ,t i&, can be

obtained from path integrals whose actions differ at most
finite local counterterms. In quantum gauge field theor
one can fix such ambiguities by requiring that Ward iden
ties be satisfied. Similarly, for theories in curved target sp

*Also at INFN, Sezione di Bologna, Italy. Email addres
bastianelli@imoax1.unimo.it

†Email address: konrad@insti.physics.sunysb.edu
‡Email address: vannieu@insti.physics.sunysb.edu
1Time discretization in the sector with solitons is complicat

because the canonical momenta~of the non-zero modes! satisfy the
equal-time commutation relation@p(x,t),w(y,t)#52 i\@d(x2y)
2fsol8 (x)fsol8 (y)/Msol# wherefsol(x) is the classical soliton solu
tion with massMsol .
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which are general coordinate invariant one can require
the transition element be a ‘‘bi-scalar’’~a scalar inxf

m and
xi

m), but this fixes the ambiguities only up to covariant term
namely a term proportional to the scalar curvatureR. Only
an experiment, for example the measurement of the tr
anomaly, can fix the coefficient of this term. One can a
view the Hamiltonian operatorĤ as an observable, and b
writing T5^xf

m ,t f uxi
m ,t i&5^xf

muexp@(2b/\)Ĥ#uxi
m& where

b5t f2t i in Euclidean time, one can fix the ambiguities inT

by requiring that it satisfy the Schro¨dinger equation withĤ
as the Hamiltonian. IfĤ itself contains no term proportiona
to R, then the action will contain a term2 1

8 R as we will
show, andT will have anR term in the exponent with coef
ficient 2 1

12 . If Ĥ contains a termaR, the coefficient ofR in

T will be 2( 1
12 1a). In general different regularization

schemes can lead to different finite local counterterms of
order in \, but finite local counterterms of order\ and \2

only are generated in the path integral action if one consid
different operator orderings in the Hamiltonian. A Ham
tonian which is a target space scalar2 is

Ĥ5
1

2
g21/4~ x̂! p̂mg1/2~ x̂!gmn~ x̂! p̂ng21/4~ x̂! ~1!

but changing the order of the operators will in general d

2The generator for target space diffeomorphismsx̂m→ x̂m1jm( x̂)

is a sum of an orbital partĜorb(j)5(1/2i\)@ p̂mjm( x̂)1jm( x̂) p̂m#

and a spin partĜspin(j)5(2]mjlgln2jl]lgmn)]/]gmn . Closure

of the commutator algebra fixesĜspin(j). An example of a target

space diffeomorphism scalar is Eq.~1!, namely @Ĝorb(j)

1Ĝspin(j),Ĥ#50, as one may check by an explicit~tedious! cal-
culation.
© 1998 The American Physical Society02-1
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stroy the invariance under target space diffeomorphisms
the ambiguities due to using different regularization schem
correspond to the ambiguities due to different operator ord
ings, the terms of order\3 and higher in the Hamiltonian
should be the same in all cases. This conclusion is corro
rated by the observation that in these non-linear sigma m
els, N-loop graphs are convergent by power counting forN
>3.

In the time discretization method, a very clear connect
betweenĤ and the transition element exists if one uses ph
space path integrals~Feynman’s approach! instead of con-
figuration space path integrals~Dirac’s approach!, and re-
writes the Hamiltonian in Weyl ordered form. Then one m
replace the Weyl ordered operatorĤW( p̂,x̂) in the kernel by
the corresponding function at the midpoint~Berezin’s theo-
rem!:

E dp^x1uexpS 2
e

\
ĤWD up&^pux2&

→expF2
e

\
HS p,

x11x2

2 D G E dp^x1up&^pux2&. ~2!

The Weyl ordering ofĤ in Eq. ~1! leads to the following
local finite correction to the naive HamiltonianH
5 1

2 gmnpmpn to be used in the path integral:

DVW5
\2

8
~R1gmnGmr

sGns
r!, ~3!

whereGmn
s are the Christoffel symbols.3 This counterterm

has been extensively discussed and used in the literature@7#.
Both in the time discretization and mode truncation me

ods, one writes the paths asxm(t)5xbg
m (t)1qm(t) for 21

<t<0, wherexbg
m (t) is a solution of the free field equation

with the correct boundary conditions@xbg
m (t)5xf

m1t(xf
m

2xi
m)# and one expands the quantum fluctuationsqm(t) into

a complete set of eigenfunctions of the free field equati
with vanishing boundary values and integrates over a fi
number of coefficientsqm

m . The difference between the tim
discretization method and mode regularization is that in
latter one uses the continuum action and naive continu
Feynman rules for a finite number of modes and one choo
a measure for the integrals over these modes which is usu
normalized such that it reproduces the standard result for
free particle if the interaction part of the action,Sint , is set to
zero. In the time discretization method, on the other ha
one uses a discretized action whose discretized Feyn
rules are derived~in explicit form @8#! from the Hamiltonian
starting point.

Up to this point we have made fairly obvious statemen
Both regularization schemes are well defined, and this is h

3Our conventions for the Riemann and Ricci tensor areRrmn
s

5]rGmn
s1Grt

sGmn
t2(r↔m) and Rrn5Rrmn

m . Hence, at the
linearized level,Rmn5

1
2 (]m]nh2]mhn2]nhm1hhmn) where h

5hmnhmn andhm5hnr]rhmn .
04400
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they are used in the literature. However, it is already cl
that this cannot be the whole truth, because with time slic
one has the nontrivialDVW in Eq. ~3!, whereas with mode
truncation such aDV seems at first to be absent. The prec
way in which also mode truncation leads to aDV will be
presented in Sec. II. We will see that one needs the follow
counterterm for mode regularization:

DVMR5
\2

8 S R2
1

3
gmngabggdGma

gGnb
dD . ~4!

As a check we shall obtain the correct trace anomaly in f
dimensions from a three-loop calculation. In Riemann n
mal coordinates, the Christoffel symbolsGmn

r in DV vanish
at the origin of the coordinate system, but at the three-lo
level one finds a contribution fromDV by expanding each
Christoffel symbol intoqt]tGmn

r and contracting the two
quantum fields. Since]tGmn

r contains a part proportional to
the Riemann tensor, it is clear thatDV yields a nonvanishing
contribution. Hence droppingDV in Riemann normal coor-
dinates is incorrect.

If one eliminates the momenta by integrating over them
the time discretized path integral, one obtainsN factors
(det gmn)21/2 at the N midpoint coordinates1

2 (qk11
m 1qk

m).
Exponentiating these in the familiar Faddeev-Popov way
obtains what we have called ‘‘Lee-Yang ghosts,’’ name
commutingam and anticommutingbm and cm ghost fields
@4#. Phase space path integrals are free from ambiguities
cause they are finite. Clearly, upon the transition from ph
space to configuration space, ambiguities are created; tec
cally this is due to the fact that the momenta are replaced
the q̇’s and ghosts, each of which introduces divergences
hence ambiguities into the theory.

In the phase space approach, the vertices are different@for
example1

2 pmgmn(x)pn instead of1
2 ẋmgmn(x) ẋn], as well as

the propagators (^pmpn& is not proportional to
gmagnb^q̇aq̇b&), but the transition element should be th
same~Matthews’ theorem!. In Sec. III we present a graphica
proof.

In Sec. IV we draw conclusions and we show that t
coefficient of theR term in DV is scheme independent an
equals1

8 .

II. MODE REGULARIZATION

We now describe how one can define mode regulari
path integrals in curved space. Ideally, one would like
derive mode regularization from first principles, i.e., starti
from the transition amplitude defined as a matrix elemen
the evolution operator acting in the Hilbert space of physi
states: ^xf

muexp@(2b/\)Ĥ#uxi
m&. However, this derivation

looks quite difficult, so that we prefer to take a more pra
matic course of action, and attempt a direct definition of
mode regularized path integral. This definition will b
supplemented by certain consistency requirements which
specify later on.

The transition amplitude can formally be written as fo
lows:
2-2
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MODE REGULARIZATION, TIME SLICING, WEYL . . . PHYSICAL REVIEW D58 044002
^xf
m ,t f uxi

m ,t i&5E
x~21!5xi

x~0!5xf

D̃x expF2
1

b\
SG ,

S5E
21

0

dt
1

2
gmn~x!~ ẋmẋn1aman1bmcn!,

D̃x5 )
21,t,0

dDx~t!dDa~t!dDb~t!dDc~t!. ~5!

We have shifted and rescaled the time parametert2t f5bt,
and since all terms in the action only depend onb\, we set
\51 from now on. Note thatb then counts the number o
loops. We will evaluate the path integral in a perturbat
expansion inb and in the coordinate displacementsjm about
the final point:jm5xi

m2xf
m . Formally the path integral is a

scalar since the action is a scalar and the ghost fields m
up a scalar measure on the space of paths.4 Mode regulariza-
tion will destroy this formal covariance. However, we w
see that covariance can be recovered by adding a sui
noncovariant countertermDV to the actionS.

We start parametrizing

xm~t!5xbg
m ~t!1qm~t!, ~6!

wherexbg
m (t) is a background trajectory andqm(t) the quan-

tum fluctuations. The background trajectory is taken to s
isfy the free field equations of motion and is a function line
in t connectingxi

m to xf
m in the chosen coordinate system

thus enforcing the boundary conditions

xbg
m ~t!5xf

m2jmt, jm5xi
m2xf

m . ~7!

Then the quantum fieldsqm(t) should vanish at the time
boundaries and can be expanded into sines. For the
Yang ghosts we use the same Fourier expansion; this ma
considered as part of our definition of mode regularizatio5

Hence

qm~t!5 (
m51

`

qm
msin~pmt!, am~t!5 (

m51

`

am
msin~pmt!,

bm~t!5 (
m51

`

bm
msin~pmt!, cm~t!5 (

m51

`

cm
msin~pmt!.

~8!

At this point the formal measureD̃x can be defined in term
of integration over the Fourier coefficients

4The factors)@detg(xi)#1/2dxi
m in the discretized path integral ar

target space scalars and exponentiating them leads to ghosts.
5Another argument to justify that the ghosts should be expan

into sines is that the classical solutions of their field equations
am5bm5cm50, and that the quantum fluctuations do not mod
the boundary conditions of the classical solutions. In@8# it was
shown that the results for the transition amplitude do not chang
one uses cosines for the ghosts.
04400
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D̃x5DqDaDbDc5A )
m51

`

)
m51

D

dqm
mdam

mdbm
mdcm

m , ~9!

which fixes the path integral for a free particle up to t
constantA @see also Eqs.~36! and ~22!#:

E D̃x expF2
1

b
QG5A,

Q5E
21

0

dt
1

2
dmn~ q̇mq̇n1aman1bmcn!. ~10!

The constantA will be fixed later on from a consistenc
requirement. Note that limiting the integration over the nu
ber of modes to a finite numberM gives a natural regular
ization of the path integral. This regularization resolves
ambiguities that show up in the continuum limit.

Now we expand the action about the final pointxf
m and

obtain

S5S21Sint5S21S31S41••• ~11!

where

S25E
21

0

dt
1

2
gmn~jmjn1q̇mq̇n1aman1bmcn!,

S35E
21

0

dt
1

2
]agmn~qa2jat!~jmjn1q̇mq̇n1aman

1bmcn22q̇mjn!,

S45E
21

0

dt
1

4
]a]bgmn~qaqb1jajbt222qajbt!

3 ~jmjn1q̇mq̇n1aman1bmcn22q̇mjn!. ~12!

All geometrical quantities, likegmn or ]agmn , are evaluated
at the final pointxf

m , but for notational simplicity we do no
exhibit this dependence.S2 is taken as the free part an
defines the propagators whileSint gives the vertices as usua
Therefore, the quantum perturbative expansion reads

^xf
m ,t f uxi

m ,t i&

5E D̃x expF2
1

b
SG5Ae~21/2b!gmnjmjn

^e~21/b!Sint&

5Ae~21/2b!gmnjmjnS K 12
1

b
S32

1

b
S41

1

2b2S3
2L D

1O~b3/2!. ~13!

d
re

if
2-3
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Aiming at a two-loop computation, we have kept only tho
terms contributing up toO(b), taking into account thatjm

;O(Ab), as follows from the exponential appearing in t
last line of Eq.~13!. The propagators that follow fromS2 are
given by

^qm~t!qn~s!&52bgmn~xf !D~t,s!

^am~t!an~s!&5bgmn~xf !
••D~t,s!

^bm~t!cn~s!&522bgmn~xf !
••D~t,s!

~14!
i
at

e
o

bi

is
e

04400
whereD is regulated by the mode cutoff introduced belo
Eq. ~10!,

D~t,s!5 (
m51

M F2
2

p2m2sin~pmt!sin~pms!G , ~15!

and has as continuum value

D~t,s!5t~s11!u~t2s!1s~t11!u~s2t!. ~16!

@A dot on the left~right! of D(t,s) indicates differentiation
with respect tot (s).# Using standard Wick contractions
we computed
K 2
1

b
S3L 52

1

b

1

4
]agmnjajmjn, ~17!

K 2
1

b
S4L 5]a]bgmnF b

24
~gmngab2gmagnb!2

1

24
~gmnjajb1gabjmjn22gmajnjb!2

1

b

1

12
jmjnjajbG , ~18!

K 1

2b2 S3
2L 5]agmn]bglrF b

96
~gabgmnglr24gargmngbl26gabgmlgnr14gargbmgnl14gamgblgnr!

1
1

48
„gmlgnrjajb12~gabgml2galgmb!jnjr1~2galgbr2gabglr!jmjn1~2gmbglr24gmlgbr!jajn

…

1
1

b

1

96
~gabjmjnjljr24galjmjnjbjr14gmljajnjbjr!1

1

b2

1

32
jajmjnjbjljrG . ~19!
This completes the calculation of the transition amplitude
the two-loop approximation using the mode regularized p
integral.

At this point we should make contact with other schem
and test the consistency of our rules. To do that, we use
transition amplitude to obtain the time evolution of an ar
trary wave function

C~xf ,t f !5E dDxiAg~xi !^xf
m ,t f uxi

m ,t i&C~xi ,t i !. ~20!

We need the factorAg(xi) because the transition element
formally a bi-scalar as we explained before, but th
C(xf ,t f) is a scalar and hence alsoC(xi ,t i), which in turn
implies that the measure must be a scalar as well.

Since the transition amplitude~13! is given in terms of an
expansion around the final point (xf ,t f), we Taylor expand
also the wave functionC(xi ,t i) and the measureAg(xi) in
Eq. ~20! about this point:

C~xi ,t i !5C~xf ,t f !2b] tC~xf ,t f !1jm]mC~xf ,t f !

1
1

2
jmjn]m]nC~xf ,t f !1O~b3/2!
n
h

s
ur
-

n

Ag~xi !5Ag~xf !S 11jmGma
a1

1

2
jmjn~]mGna

a

1Gma
aGnb

b!1O~j3! D . ~21!

We then perform the integration overdDxm5dDjm in Eq.
~20! and match the various terms. The leading term fixesA,

C5A~2pb!D/2C → A5~2pb!2D/2, ~22!

and the terms of orderb give

bF2] tC1
1

2
¹2C1

1

8
RC2

1

32
gmngabggd]mgag]ngbdC

1
1

48
gmngabggd]mgag]bgndCG50. ~23!

This last equation means that the wave functionC satisfies
the following Schro¨dinger equation at the final point (xf

m ,t f):

2] tC5~H01DVe f f!C52
1

2
¹2C1DVe f fC, ~24!

where the effective potential is given by
2-4



m
t

rm

ti-
uted
ur
nd
by

ar-
ta-
ral

ing

e

di-
o-

he
Eq.

MODE REGULARIZATION, TIME SLICING, WEYL . . . PHYSICAL REVIEW D58 044002
DVe f f52
1

8
R1

1

32
gmngabggd]mgag]ngbd

2
1

48
gmngabggd]mgag]bgnd

52
1

8
R2

1

8
gmnGma

bGnb
a

1
1

24
gmngabggd]mgag]bgnd

52
1

8
R1

1

24
gmngabggdGma

gGnb
d. ~25!

Clearly, to obtain the ‘‘free’’ HamiltonianH0 from a path
integral, one should subtract the potentialDVe f f , and thus
use in Eq.~5! the following classical action:

2
1

b
S5E

21

0

dt S 2
1

2b
gmn~x!ẋmẋn1bDVe f f~x! D .

~26!

With this counterterm mode regularization gives the sa
results as the time discretization scheme described in
Introduction. Note that Eq.~25! is different from the coun-
terterm for time discretization. The difference is the te
with 1

24 in the fourth line of Eq.~25!.
04400
e
he

Finally, as a non-trivial test, which was one of our mo
vations to carry out the present research, we have comp
the trace anomaly for a real conformal scalar field in fo
dimensions using mode regularization and the newly fou
counterterm. Anomalies in Fujikawa’s approach are given
the regulated trace of the JacobianJ of the symmetry trans-
formation:

An5 lim
b→0

Tr ~J e~2b/\!R!. ~27!

A theory of consistent regulatorsR exists@9# and it gives us
for conformal scalar fields the Hamiltonian~1! minus an im-
provement potential\2@(D22)/8(D21)#R. The Jacobian
for trace anomalies is proportional to unity. In mode regul
ization Eq.~27! translates into the evaluation of the expec
tion value of the Jacobian with respect to the path integ
based on the formal transition element~5! including the just
calculated counterterms and the improvement term. Tak
the trace of Eq.~5! means first settingxf5xi which gives
that xbg5xf and then integrating overxf with dDxfAg(xf).
As the measure of Eq.~5! includes the constantA
5(2pb)2D/2, theb-independent term of the right-hand sid
of Eq. ~27! is given by the (D/211)-loop term in the path
integral. Expanding the metric in Riemann normal coor
nates we find the first nonvanishing contributions at the tw
loop level: graphs with topology of the number 8 and t
background values of the various potential terms. From
~18! with jm50 one obtains6
s

~28!

The result is the same as obtained from time slicing and yields the correct trace anomaly inD52 dimensions.
At the three-loop level we find three regular graphs

~29!

~30!

~31!

as well as a graph coming from the potential terms:

~32!

6In Eqs.~28!, ~29!, ~30!, ~31! only the topology of the graphs is indicated; e.g., the figure eight in Eq.~28! stands for all possible graph
of that shape, including ghost loops.
2-5
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There are only two differences with respect to time slicin
with time slicing, the factor of2 1

6 in Eq. ~30! becomes21
4,

and the factor of2 1
72 in Eq. ~32! becomes2 1

48 . These two
modifications lead to the same final expression. Adding
contributions of connected and disconnected graphs we
the correct result

An~Weyl! ~spin 0,D54!

5E d4x

~2p!2
Ag~x!s~x!

1

720
~Rmnlr

2 2Rmn
2 2¹2R!, ~33!

wheres(x) is the arbitrary function appearing in the Jac
bian: J5s(x)dD(x2y). This shows that mode regulariza
tion works after all.7 The fact that the right answer is ob
tained suggests that no new counterterms are needed in
scheme beyond those in Eq.~4!. A complete three-loop cal
culation in arbitrary coordinates and with a non-vanishingjm

could be used to test Eq.~20! at orderb2. As we noted in the
Introduction, however, all three- and higher-loop graphs
power-counting convergent. This means that at these or
in \ any consistent regularization scheme will yield the sa
answer. We therefore claim that with the presently fou
counterterm, the mode regularized path integral is consis
to all orders. This suggests that the difference is indeed
to operator-orderings. It would be interesting to justify mo
regularization from first principles.

Before closing this section, we comment on how lo
integrations in Feynman diagrams are done. The mode cu
allows one to disentangle ambiguities that appear in the c
tinuum limit of certain integrals over theD ’s. Resorting to
the mode regulated expression forD, one can use partia
integration and take boundary terms into account if they
non-vanishing. Using partial integration repeatedly, one g
expressions containing onlyD ’s, D •’s and •D ’s which are
unambiguous in the continuum limit, and computes th
there. Useful identities obtained at the regulated level fr
Eq. ~15! are

•D •~t,t!1 ••D~t,t!5]t„
•D~t,t!…,

••D~t,s!5D ••~t,s!. ~34!

The first identity was used to compute Eq.~28!. Here is a list
of integrals that are easily computed using par
integration8 and whose values aredifferent from the time
discretization method:

7In @4# the noncovariant part of the counterterm~25! was missed.
In Riemann normal coordinates this term affects only the coeffic
of theRmnlr

2 term in the four dimensional trace anomaly, which w
erroneously calculated.

8To obtain I 2, use (D •)(•D •)5
1
2 ]t(D

•)2, partially integrate, use
••D5D ••, and then use (D ••)(D •)25

1
3 ]s(D •)3. To obtainI 3, write

the integrand asD(•D) 1
2 ]t(D

•)2, partially integrate, and use the

D(••D)(D •)25D(D ••)(D •)25D 1
3 ]t(D

•)3. Then partially integrate
once more.
04400
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I 15E dt t ~ •D •1 ••D!us5t50,

I 25E E dtds ~ •D!~D •!~ •D •!52
1

12
,

I 35E E dtds D~ •D!~D •!~ •D •!5
1

180
.

~35!

Time discretization would giveI 152 1
2 , I 252 1

6 and I 3
5 7

360.9

The non-vanishing value ofI 1 in time discretization is
needed to compensate the explicit factors ofg21/4(xi) ap-
pearing in the measure@see Eq.~36!#, and together withI 2 it
is responsible for the different counterterms required in
two regularization schemes. Finally,I 3 leads to the different
values for the coefficient ofRmnlr

2 in Eq. ~30! in the two
schemes. The counterterms with two Christoffel symbols
also different in both schemes but the final result for t
transition element~and hence the trace anomaly! is the same.
This confirms our approach to mode regularization.

III. PHASE SPACE PATH INTEGRALS IN CURVED SPACE
AND MATTHEWS’ THEOREM

In the phase space approach to path integrals in cur
space the vertices and propagators are different from th
used in the configuration space approach. For example,
leading terms in the action are1

2 pmgmn(x)pn and
1
2 ẋmgmn(x) ẋn, respectively, and thêq̇m(t)q̇n(s)& propaga-
tor contains a Dirac delta function but the^pm(t)pn(s)&
propagator is completely regular. Although the vertices a
propagators differ, the result for the transition eleme
should be the same~Matthews’ theorem10! @10#, and the way
this comes about is due to a new kind of ghosts@3,4#. The
difference proportional tod(t2s) between thepp and q̇q̇
propagators turns out to be the propagator of those gh
which we have called Lee-Yang ghosts after Lee and Ya
who where the first to point out that in the deformed h
monic oscillator~using arbitrary coordinates in one dime
sion! one needs extrad(0) terms in the action or Hamil-
tonian @11#. The modern way to deal with these ill-define
objectsd(0) is to introduce new ghosts, just as in the fam
iar case of Faddeev-Popov ghosts for gauge theories. F
the formal definition of the path integral, it is clear that Ma
thews’ theorem should hold@12#, but as always it is desirable

t
9In the time discretization schemed(s2t) is a Kronecker delta

function andu(0)5 1
2 . This leads to a fully consistent scheme

shown in @8#. For example,**ds dt d(s2t)u(s2t)u(s2t)
5**ds dt d(s2t)u(s2t)u(t2s)5

1
4 whereas mode regular

ization would give 1
3 and 1

2 2
1
3 5

1
6 respectively. Using•D(t,s)

5s1u(t2s), •D •(t,s)512d(t2s) and ••D5d(t2s), the re-
sults below Eq.~35! follow.

10Matthews’ theorem holds for connected graphs and origina
only applied to nonderivative interactions.
2-6



a
yn
ra
e
en
an

b

m

o
-

n

r
he

and
note

to

a

sult
e
erse
e

ns

ertex

side
s
in
We

n

and
ion
and

on

fig

o

MODE REGULARIZATION, TIME SLICING, WEYL . . . PHYSICAL REVIEW D58 044002
to check this by a nontrivial calculation. Moreover, such
calculation in turn may reveal a relation between the Fe
man graphs in both approaches which can lead to a diag
matic proof of Matthews’ theorem. With this in mind w
calculate the two-loop correction to the transition elem
^xf

m ,0uxi
m ,2b&, both using the phase space approach

the configuration space approach to path integrals.
Using time discretization~see footnote 9!, the transition

element is given in both phase- and configuration-space

^xf uexpS 2
b

\
Ĥ D uxi&

5Fg~xf !

g~xi !
G1/4~21/2b!gmn~xf !j

mjn

~2pb\!D/2 K expS 2
1

\
SintD L ,

~36!

where (2pb\)2D/2 is the usual Feynman measure and^xf u
and uxi& are both normalized as*dDxAg(x)ux&^xu51. The
factor @g(xf)/g(xi)#1/4 in the measure is a direct result fro
this normalization.11 Furthermore, t5t/b, and xm(t)
5xbg

m (t)1qm(t), wherexbg
m (t)5xf

m1t(xf
m2xi

m) is the back-
ground solution of the free equations which satisfies the c
rect boundary conditions, andqm(t) are the quantum fluc
tuations.

The phase space interactions and propagators are give

2
1

\
Sint

phase52
1

b\E21

0

dt
1

2
@gmn~x!2gmn~xf !# p̃mp̃n

1
i

b\E21

0

dt p̃m~xf
m2xi

m!2
b

\E21

0

dt DVW ,

~37!

^ p̃m~t! p̃n~s!&5b\gmn~xf !;21,

^qm~t! p̃n~s!&52 ib\dn
m@t1u~s2t!#; iD •,

^qm~t!qn~s!&52b\gmn~xf !D~t,s!;D,
~38!

where we recall

D~t,s!5t~s11!u~t2s!1s~t11!u~s2t!. ~39!

We have rescaledpm(s) into (1/b) p̃m(s) in order that all
propagators have a factorb\ and all vertices a facto
(b\)21. Theb and\ appear always together and count t

11InsertingN sets ofp-eigenstates andN21 sets ofx-eigenstates
gives a factor@g(xf)g(xi)#21/4, but the phase space path integrati
over thep’s and theq’s gives an extra factorg(xf)

1/2 because there
is one morep than q’s. This extra factor is taken at the pointxf

because we expanded the metric around this point. In the con
ration space path integral, one integrates over thep’s, exponentiates
the factorsg(x) by introducing ghosts, and then produces factors
g(x) by integrating over the ghosts, with the same final result.
04400
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number of loops. The configuration space interactions
propagators are as in Sec. II, though regulated as in foot
9:

2
1

\
Sint

con f52
1

b\E21

0

dt
1

2
@gmn~x!2gmn~xf !#~ ẋmẋn1aman

1bmcn!2
b

\E21

0

dt DVW ,

^qm~t!qn~s!&52bgmn~xf !D~t,s!;D

^qm~t!q̇n~s!&52bgmn~xf !@t1u~s2t!#;D •

^q̇m~t!q̇n~s!&52bgmn~xf !@12d~t2s!#; •D •

^am~t!an~s!&5bgmn~xf !d~t2s!;2 ••D

^bm~t!cn~s!&522bgmn~xf !d~t2s!;2••D.
~40!

From •D •512d(t2s) and ••D5d(t2s) it is clear that
the sum of thê q̇q̇& and the ghost propagators is equal
minus the^pp& propagator:

~41!

Further, thê qp& and thê qq̇& propagators are equal up to
factor i ~note thatp5 i ẋ is a field equation!:

. ~42!

We are now ready to evaluate two-loop diagrams. The re
for thejm5xi

m2xf
m independent part is given in Fig. 1. In th

phase space approach, one finds derivatives of the inv
metric gmn which we have converted to derivatives of th
metric gmn for the purpose of comparison. The relatio
A, B, F, andG follow immediately from Eqs.~41! and~42!.
Considering the identitiesC, D andE one must note that the
phase space expression comes from both one- and two-v
graphs. The identities then follow from rewriting Eq.~41! as

and replacing a ‘‘ghost’’ propagator on the phase space
by its value (2b\) times a delta-function, which pinche
the two vertices. It is clear that the two-loop corrections
configuration space agree with those in phase space.
have also checked thejm dependent terms in the transitio
element and found complete agreement with Eq.~13!. As,
once again, all configuration space graphs at the three-
higher-loop level are unambiguous, the two-loop calculat
suffices to show the equivalence between the phase-
configuration-space path integrals.

u-

f
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FIG. 1. Two-loop diagrammatic identities using time slicing. Each corresponds to the coefficient of a particular metric structure
in the two-loop partition function: A, 2

1
4 gmnhgmn ; B, 2

1
4 gamgbn]a]bgmn ; C, 2

1
4 gabgmrgns]agmn]bgrs ; D,

2
1
2 gamgbrgns]agmn]bgrs ; E, 2

1
2 gargbmgns]agmn]bgrs ; F, 2

1
8 gabgmngrs]agmn]bgrs ; andG, 2

1
2 gamgbngrs]agmn]bgrs .
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IV. CONCLUSIONS

The two regularization schemes considered in this arti
mode regularization and time slicing, give the same answ
at all orders of loops provided one adds specific order\2

counterterms to the action in the configuration space p
integral. These terms are proportional to the curvatureR but
also to products of two Christoffel symbols and the latter
different for the two schemes. These extra terms of order\2

follow in the time slicing method from rewriting the Hami
tonian in Weyl-ordered form, but for mode regularization w
could only determine them by requiring that the Schro¨dinger
equation be satisfied.~This way of fixing the extra terms ca
also be applied to time slicing.! As a nontrivial check that
these extra terms are indeed needed~and also a check on
their explicit form! we evaluated the three-loop contributio
to the trace anomaly in both schemes and indeed found
same~correct! answer.

We also considered phase space path integrals. Their
graphs contain no divergences. We gave a diagramm
proof of Matthews’ theorem that phase and configurat
space path integrals give the same transition element. A
observation was that the difference between the phase s
propagator̂ p(s)p(t)& and the configuration space propag
tor ^q̇(s)q̇(t)& is equal to the propagator for the Lee-Yan
ghosts. The latter results when one exponentiates the fa
Ag(x) which are produced by integrating out the momen
04400
e,
rs

th

e

he

op
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n
ey
ace
-

ors
.

It remains to explain why the coefficient of theR term in
DV is equal to1

8 in all ‘‘reasonable’’ regularization schemes
Let us call a scheme reasonable if it satisfies Matthews’ th
rem. Then the first two graphs in Fig. 1 should give the sa
result in configuration space as in phase space. The equ
for graphB is always satisfied@see Eqs.~38! and ~40!#, but
for graphA one finds the condition

E
21

0

dt D~t,t!5E
21

0

dt$D~t,t!@ •D •~t,s!

1 ••D~t,s!#us5t%. ~43!

Both time slicing and mode regularization satisfy this con
tion. In all such reasonable schemes the transition elem
with the naive actionS5 1

2 gmn(x) ẋmẋn will then contain a
two-loop contribution (\2/24)R just as the phase space ca
culation would give. The complete phase space Hamilton
~37! contains, however, in addition the counterterm~3!. The
total R term in the Hamiltonian element is then~2\2/12)R
for any reasonable regularization scheme and theR term in
the action to be used in the configuration space path inte
has coefficient18 .
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