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A simple, often invoked, regularization scheme of quantum mechanical path integrals in curved space is
mode regularization: one expands fields into a Fourier series, performs calculations with only tih& first
modes, and at the end takes the lifdit—. This simple scheme does not manifestly preserve reparametri-
zation invariance of the target manifold: particular noncovariant terms of érdetust be added to the action
in order to maintain general coordinate invariance. Regularization by time slicing requires a different set of
terms of order:? which can be derived from Weyl ordering of the Hamiltonian. With these counterterms both
schemes give the same answers to all orders of loops. As a check we perform the three-loop calculation of the
trace anomaly in four dimensions in both schemes. We also present a diagrammatic proof of Matthews’
theorem that phase space and configuration space path integrals ard ®g5%6-282(198)03614-3

PACS numbe(s): 04.62+v

I. INTRODUCTION which are general coordinate invariant one can require that
the transition element be a “bi-scalarfa scalar inx{* and
Quantum mechanical path integrals in curved targek!), but this fixes the ambiguities only up to covariant terms,
spaces have various applications. Two decades ago theamely a term proportional to the scalar curvatR:eOnly
were used to quantize collective coordinates of solifdds an experiment, for example the measurement of the trace
and one decade ago to calculate ch[i2] and trace[3,4] anomaly, can fix the coefficient of this term. One can also
anomalies in quantum field theories. In the former case, thgiew the Hamiltonian operatdf as an observable, and by
path mtegralslwere.regulanzed by expanding the_ fluctuat|on§witing T=(x t;|x* ,tﬁz(xéﬂexp{(—ﬂ/ﬁ)ﬂ]lx{‘) where
about the solitons into rjormal modes, and cuttlrjg the SUNB—t.—t. in Euclidean time, one can fix the ambiguitiesTin
over modes off at a maximum energy or at a maximum num-by requiring that it satisfy the Schdnger equation witH

ber of modeqd5]. In the trivial vacuum, on the other hand, L ~ . .
two methods have been widely used: the time discretizatioft> the Hamiltonian. IH itself contains no term proportional

. . . 1 .
method which has been pioneered by Dirac and FeynmantO R, then the_ action will conta_ln a term 3R as we will
and the mode truncation method already describd@é]inin §h9w, anijT W'IAI have ’me term in the exponfer.]t with cgef-
the literature, both methods have been used on a par. ficient — 35. If H contains a termxR, the coefficient oR in
In this article we point out the relation and the differencesT Will be —(i3+a). In general different regularization

between the two methods. Both the time discretizatiorschemes can lead to different finite local counterterms of any
method and the mode truncation method are particular regierder infi, but finite local counterterms of ordér and 72
larization schemes which define the path integral. One exenly are generated in the path integral action if one considers
pects therefore that the results for physical objects, for exdifferent operator orderings in the Hamiltonian. A Hamil-
ample the transition elemenT=(x¥ t;|x* t;), can be tonian which is a target space scalar
obtained from path integrals whose actions differ at most by
finite local counterterms. In gquantum gauge field theories, ~ 4o A upNR o an
one can fix such ambiguitiesqby requiri%g t%\at Ward identi- H= 29 1’4(x)p#gl’2(x)g“ (OP.g~(x) @)
ties be satisfied. Similarly, for theories in curved target space

but changing the order of the operators will in general de-
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"Email address: konrad@insti.physics.sunysb.edu The generator for target space diffeomorphisttiss x*+ £#(x)

*Email address: vannieu@insti.physics.sunysb.edu is a sum of an orbital paB®(£) = (1/2i%)[p,&*(X) + £4(X)p,.]
P ~spin — A N
Time discretization in the sector with solitons is complicated and a spin parG=T(£)=(20,& 0~ §°29,,) 9/ 99, - Closure

because the canonical momefwéthe non-zero modgsatisfy the ~ Of the commutator algebra fixes**"(¢). An example of a target
equal-time commutation relatiopm(x,t),¢(y,t)]=—iA[S(x—y)  space diffeomorphism scalar is Eq1), namely [G°™(¢)
— ds0l(X) Peoi(Y) Mgo] Whereggo(x) is the classical soliton solu- +éSpi”(§),F|]=0, as one may check by an expli¢tedious cal-
tion with massM,, . culation.
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stroy the invariance under target space diffeomorphisms. Ithey are used in the literature. However, it is already clear
the ambiguities due to using different regularization schemethat this cannot be the whole truth, because with time slicing
correspond to the ambiguities due to different operator orderene has the nontriviahVyy in Eq. (3), whereas with mode
ings, the terms of ordet® and higher in the Hamiltonian truncation such &V seems at first to be absent. The precise
should be the same in all cases. This conclusion is corrobaway in which also mode truncation leads toAd will be
rated by the observation that in these non-linear sigma modsresented in Sec. II. We will see that one needs the following
els, N-loop graphs are convergent by power countingNor counterterm for mode regularization:

=3.

In the time discretization method, a very clear connection
betweerH and the transition element exists if one uses phase
space path integrald~eynman’s approag¢ghnstead of con-
figuration space path integra(®irac’'s approach and re- As a check we shall obtain the correct trace anomaly in four
writes the Hamiltonian in Weyl ordered form. Then one maydimensions from a three-loop calculation. In Riemann nor-
rep|ace the Wey| ordered opera[aov(ﬁ,;() in the kernel by mal coordinates, the Christoffel symbcﬂ%f in AV vanish

the corresponding function at the midpoiferezin’s theo-  at the origin of the coordinate system, but at the three-loop
rem: level one finds a contribution fromV by expanding each

Christoffel symbol intoq”d.I',,,” and contracting the two
€ . quantum fields. Since,I’,,,” contains a part proportional to
j dp(xﬂex;{ - ﬁHW) IP)(plx2) the Riemann tensor, it is clear thaV yields a nonvanishing
contribution. Hence droppingV in Riemann normal coor-
€ 1TX2 dinates is incorrect.
Hexp{ B %H( P, 2 ”f dp(xa|P){plx2). (2) If one eliminates the momenta by integrating over them in
the time discretized path integral, one obtaiNsfactors
The Weyl ordering ofd in Eq. (1) leads to the following (detg#*) %2 at the N midpoint coordinates (qf’, ,+qf).
local finite correction to the naive HamiltoniaH  Exponentiating these in the familiar Faddeev-Popov way one
:%gwp#pv to be used in the path integral: obtains what we have called “Lee-Yang ghosts,” namely
commutinga® and anticommutingo® and c# ghost fields
o [4]. Phase space path integrals are free from ambiguities be-
AVW:§(R+9M LT, 3 cause they are finite. Clearly, upon the transition from phase
space to configuration space, ambiguities are created; techni-
wherel',,” are the Christoffel symbof$This counterterm  cally this is due to the fact that the momenta are replaced by
has been extensively discussed and used in the litergtlre theq’s and ghosts, each of which introduces divergences and
Both in the time discretization and mode truncation meth-hence ambiguities into the theory.
ods, one writes the paths aé(r)=xgg(r) +g#(7) for =1 In the phase space approach, the vertices are diffeiant
<7<0, wherex{(7) is a solution of the free field equations examples P.g"*(X)p, instead of%)'(ugw(x))'(v], as well as
with the correct boundary conditionsxfy(7)=x{+7(X{  the propagators (b.p,) is not proportional to
—x{)] and one expands the quantum fluctuatiqfiér) into g g .(qgf)), but the transition element should be the

a complete set of eigenfunctions of the free field equationgame(Matthews’ theorem In Sec. Ill we present a graphical
with vanishing boundary values and integrates over a finitg)roof.
number of coefficientsl’,. The difference between the time In Sec. IV we draw conclusions and we show that the
discretization method and mode regularization is that in theoefficient of theR term in AV is scheme independent and
latter one uses the continuum action and naive continuurequalss.
Feynman rules for a finite number of modes and one chooses
a measure for the integrals over these modes which is usually
normalized such that it reproduces the standard result for the
free particle if the interaction part of the actid®,;, is set to We now describe how one can define mode regularized
zero. In the time discretization method, on the other handpath integrals in curved space. Ideally, one would like to
one uses a discretized action whose discretized Feynmaterive mode regularization from first principles, i.e., starting
rules are derivedin explicit form [8]) from the Hamiltonian  from the transition amplitude defined as a matrix element of
starting point. the evolution operator acting in the Hilbert space of physical
Up to this point we have made fairly obvious statementsgiates: (x¢‘|ex;{(—,8/h)|3|]|x{‘). However, this derivation
Both regularization schemes are well defined, and this is hoyqks quite difficult, so that we prefer to take a more prag-
matic course of action, and attempt a direct definition of the
mode regularized path integral. This definition will be
30ur conventions for the Riemann and Ricci tensor Byg,” supplemented by certain consistency requirements which we
=9,0,,7+I,T,,—(p~pn) andR,,=R,,*. Hence, at the specify later on.
linearized level,R,,=3(d,d,h—d,h,—a,h,+0h,,) where h The transition amplitude can formally be written as fol-
=y*"h,, andh,=»""g,h,,,. lows:

hz 1 vyaf 8
A\/MRZE R— Eg# g g'yﬁrp.ayrvﬁ' . (4)

ﬁZ

II. MODE REGULARIZATION
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X(0)=x; _ 1 _ 0 D
(XE telxi )y = Ll)_xDX exp[— ES}’ Dx=DqDanDc:An£[l Mfz[l dgtdatdbidcs, (9)
0 1 N which fixes the path integral for a free particle up to the
= _ My V MoV HeV
S jfl dr ZQ“V(X)(X X"+afa’+breh), constantA [see also Eq936) and(22)]:
Px= [] d®x(ndPa(nd®b(nd°c(r). (5 J Fx exp[_ EQ} A
—1<7<0 B ’

We have shifted and rescaled the time paramtetd;= 87,
and since all terms in the action only dependgi, we set 0 1 CUNY L afal . RV

- ' Q= d7'§5,w(q g’+a*a”+b#c?). (20
=1 from now on. Note thaB then counts the number of -1
loops. We will evaluate the path integral in a perturbative
expansion in3 and in the coordinate displacemegtsabout  The constanta will be fixed later on from a consistency
the f|na|. po|nt:§'“=x.i“—).(§‘_ Formally the path mteg.ral IS @ requirement. Note that limiting the integration over the num-
scalar since the action is a scalar and the ghost fields makgsr of modes to a finite numbé gives a natural regular-
up a scalar measure on the space of patisde regulariza- ization of the path integral. This regularization resolves the
tion will destroy this formal covariance. However, we will gmpjiguities that show up in the continuum limit.
see that covariance can be recovered by adding a suitable now we expand the action about the final poift and
noncovariant counterterdV to the actionS. obtain

We start parametrizing

XH(7)=Xpo(7) +0*(7), (6) S=5,+Sh=S+S3+ S+ - (11)

wherex () is a background trajectory amf'(7) the quan-  where

tum fluctuations. The background trajectory is taken to sat-

isfy the free field equations of motion and is a function linear 0 1 o

in 7 connectingx{ to x{ in the chosen coordinate system, Szzf dr ng(gﬂg’% g“q’+a*a’+b*c”),
thus enforcing the boundary conditions -1

Xby(T) =X — ghT,  Er=xE X (7) o 1 .
83=J d7 5009,,(0%—€%7)(£"6"+q%g"+a*a”
Then the quantum fieldg”(7) should vanish at the time -1
boundaries and can be expanded into sines. For the Lee-
Yang ghosts we use the same Fourier expansion; this may be
considered as part of our definition of mode regularization.
Hence

+hHc’—2g¢Y),

0 1
S J 9 7%a0p9,(0°0° + £76P 77— 2q¢P7)

o

a“( T):mE:l qlr;Simme)a ak( T):mzzl a#]Sin(77mT)a % (§M§V+q#qv+auav+ bMCV_Z-quy). (12)

o - . o = . All geometrical quantities, likg,,, or 3,9,,, are evaluated
b (T)_m§=:l brsin(wm7), ¢ (7)_m§=:1 CrSIN(7m7). at the final poinix#, but for notational simplicity we do not
(8)  exhibit this dependences, is taken as the free part and
defines the propagators whig,; gives the vertices as usual.
At this point the formal measur®x can be defined in terms Therefore, the quantum perturbative expansion reads
of integration over the Fourier coefficients
(X telxt )

“The factorsH[deg(xi)]l’zdx{‘ in the discretized path integral are _ j Px ex;{ _ ES} :Ae(—1/2ﬂ)gﬂy§:"-§"<e(fl/ﬁ)sim>
target space scalars and exponentiating them leads to ghosts.
SAnother argument to justify that the ghosts should be expanded
into sines is that the classical solutions of their field equations are (—128)g, e 1 5
a*=b*=c*#=0, and that the quantum fluctuations do not modify =Ae Guv 1_E53_ ESNL 2_3233
the boundary conditions of the classical solutions.[8h it was
shown that the results for the transition amplitude do not change if
one uses cosines for the ghosts. +0(B%?). (13
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Aiming at a two-loop computation, we have kept only thosewhere A is regulated by the mode cutoff introduced below
terms contributing up t@®(B), taking into account thag* Eq. (10),
~0O(\/B), as follows from the exponential appearing in the M

last line of Eq.(13). The propagators that follow froi8, are _ _ 2 ;
given by A(7,0) m; —sin(amr)sin(ama) |, (15)

(g*(1)q"(a))=— Bg"*"(X;:)A(7,0) and has as continuum value
(a(r)a"(a)) = BgH (X)) A(r,5) A(r,o0)=7(c+1)0(7—0a)+o(t+1)0(c—17). (16
[A dot on the left(right) of A(7,o) indicates differentiation
(b*(7)c?(0)y=—2Bg"*"(X;)""A(7,0) with respect tor (o).] Using standard Wick contractions,
(14  we computed

<_
<_

1
<2_,BZS§> = aag,uvaﬁg)\p

)

S4> = &a&,Bg,u.v

11 oo
_Ez(gag,uvg &gy, (17)

%(9“”9“3—9““9"3)—%(9“”§“§B+g‘“ﬁ§“§” 2g+g” 53)—’51—25"5 £egr|, (18

=RFP ™R

9%(9“‘*9“”9“’— 4g*rgrrghPr—6gePgrrgP+ 4g*PgPrg i+ 49t gPig )

1
+ 250" Q" E P+ 2(g Pg — g g £ €0+ (29709 — g PG ) €44 + (29MPg M — 4gHt g £€Y)

+3 (G AU R A o) + f“é“g”fﬁf*ép} 19

BZ

This completes the calculation of the transition amplitude in

1
the two-loop approximation using the mode regularized path ~ VO(Xi) =VO(X¢)| 1+ T 0+ 5 E4€"(9,1 0"

integral.
At this point we should make contact with other schemes S 5
and test the consistency of our rules. To do that, we use our +T T 57 +0(€7) |. (21)
transition amplitude to obtain the time evolution of an arbi-
trary wave function We then perform the integration ovelPx*=dP&* in Eq.
(20) and match the various terms. The leading term fikes
W(xe,t) = | dPx VGO (Xt X 1) (x; ;). (20) V=AQ2mp)P*¥ — A=(2mp) "2 (22)

and the terms of orde8 give

We need the factot/g(x;) because the transition element is 1
formally a bi-scalar as we explained before, but then g| —4, ¥+ EVZ\IHr
W (x¢,t;) is a scalar and hence ald6(x; ,t;), which in turn
implies that the measure must be a scalar as well. 1

Since the transition amplitudé@?3) is given in terms of an + Eg“”g“ﬁgyﬁaMgayaﬁgya‘lf =0. (23
expansion around the final points(,t;), we Taylor expand
also the wave functiof (x; ,t;) and the measurgg(x;) in
Eq. (20) about this point:

1 1 vyaBn Yo
gRY—359"79%°97°9,90,9,95Y

This last equation means that the wave functibrsatisfies
the following Schrdinger equation at the final point{ ,t;):

WX t) =W (Xt t1) = BaW (Xg ) + §49, ¥ (Xt ,tf) — AW =(Ho+ AV )W =— %VZ\I’+AVGH\I’, (24)

1
T epev 3/2
T56"870,0,% (1) +O(B™) where the effective potential is given by

044002-4



MODE REGULARIZATION, TIME SLICING, WEYL ...

AVgi= 1R+ ig‘“’g“ﬁgV‘Sa 9uy9,0
eff 8 udayYvyYBs

1 vyaBnYO
~289"79%797°9,94,995

1 1 v 8 N
:_gR_gg F,u,a FV,B

1 vyaBnNYO
+ ﬂg’u g g’)/ ﬁ,ugayaﬁgvﬁ

1
=— R+ —g“”g“ﬁgwsl“ T,g°

8 (25

Clearly, to obtain the “free” HamiltoniarHy from a path
integral, one should subtract the potentd&V ¢, and thus
use in Eq.(5) the following classical action:

1
——s f dT( 2'Bg,w( )XEX"+ BAVi(X) |
(26)

PHYSICAL REVIEW D58 044002

Finally, as a non-trivial test, which was one of our moti-
vations to carry out the present research, we have computed
the trace anomaly for a real conformal scalar field in four
dimensions using mode regularization and the newly found
counterterm. Anomalies in Fujikawa’s approach are given by
the regulated trace of the Jacobiamf the symmetry trans-
formation:

An= lim Tr (J e ~AMR),
B—0

(27)

A theory of consistent regulatof@ exists[9] and it gives us
for conformal scalar fields the Hamiltonidéh) minus an im-
provement potentiak?[(D—2)/8(D—1)]R. The Jacobian
for trace anomalies is proportional to unity. In mode regular-
ization EQ.(27) translates into the evaluation of the expecta-
tion value of the Jacobian with respect to the path integral
based on the formal transition elemé&8} including the just
calculated counterterms and the improvement term. Taking
the trace of Eq(5) means first settings=Xx; which gives
that x,,=X; and then integrating ovet; with d®x; Vg (Xs).

As the measure of Eq(5) includes the constantA
=(27B) P2, the B-independent term of the right-hand side
of Eq. (27) is given by the D/2+1)-loop term in the path

With this counterterm mode regularization gives the sameéntegral. Expanding the metric in Riemann normal coordi-
results as the time discretization scheme described in theates we find the first nonvanishing contributions at the two-

Introduction. Note that Eq25) is different from the coun-

loop level: graphs with topology of the number 8 and the

terterm for time discretization. The difference is the termbackground values of the various potential terms. From Eq.

with % in the fourth line of Eq.(25).

(18) with £&#=0 one obtain%

1 1-(D-2)/(D -1
OO+ o =comp (-] ps o200y
(28)
The result is the same as obtained from time slicing and yields the correct trace anombah2imimensions.
At the three-loop level we find three regular graphs
- 1 1l
QQQ - 7 ony’ ( GR"”> ’
(29)
1
S - sl
(30)
—(_ 2 2 e 2
%(j = (=Fh) (480v it 700 R+ 7550 R*‘”) ’
(31
as well as a graph coming from the potential terms:
1 1-(D—-2)/(D-1)
O = —g(ﬁh)2 ( T V2R — Rw\p .
(32)

8In Egs.(28), (29), (30), (31) only the topology of the graphs is indicated; e.g., the figure eight in(E8).stands for all possible graphs

of that shape, including ghost loops.
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There are only two differences with respect to time slicing: L
with time slicing, the factor of- § in Eq. (30) becomes 3, '1:f dr 7(CA"+"A)[,—,=0,
and the factor of- 55 in Eq. (32) becomes- 5. These two
modifications lead to the same final expression. Adding all 1
contributions of connected and disconnected graphs we find |2=f f drdo (FA)(AD(AY) =~ 75,
the correct result
. 1
An(Weyl) (spin 0D=4) |3=f f drdo A(A)(A)(A) =15
d*x 1 (35
=f 2\/g(x)a(x)ﬁ)(Riw—Riy—sz), (33
(2m) Time discretization would givd;=—3, l,=—¢% and I
79

where o(x) is the arbitrary function appearing in the Jaco- The non-vanishing value of, in time discretization is
bian: J=(x) 8°(x—y). This shows that mode regulariza- needed to compensate the explicit factorsgof“(x;) ap-
tained suggests that no new counterterms are needed in thisresponsible for the different counterterms required in the
scheme beyond those in E@). A complete three-loop cal- o regularization schemes. Finally, leads to the different
culation in arbitrary coordinates and with a non-vanist§fig  \51ues for the coefficient OR;ZM in Eq. (30) in the two

2 .
could be used to test E(R0) at orderg”. As we noted inthe  gchemes. The counterterms with two Christoffel symbols are
Introduction, however, all three- and higher-loop graphs arg,isq gifferent in both schemes but the final result for the
power-counting convergent. This means that at these ordefs;nsition elementand hence the trace anompgiy the same.

in # any consistent regularization scheme will yield the samernis confirms our approach to mode regularization.
answer. We therefore claim that with the presently found

counterterm, the mode regularized path integral is consistent
to all orders. This suggests that the difference is indeed dulll- PHASE SPACE PATH INTEGRALS IN CURVED SPACE

to operator-orderings. It would be interesting to justify mode AND MATTHEWS’ THEOREM

regularization from first principles. In the phase space approach to path integrals in curved
Before closing this section, we comment on how loopspace the vertices and propagators are different from those

integrations in Feynman diagrams are done. The mode cutoffsed in the configuration space approach. For example, the
allows one to disentangle ambiguities that appear in the coNgading terms in the action arel p.g*"(x)p, and

tinuum limit of certain integrals over thA’s. Resorting to
the mode regulated expression far one can use partial
integration and take boundary terms into account if they ar
non-vanishing. Using partial integration repeatedly, one get

expressions containing onlk’s, A™'s and “A’s which are should be the sam@atthews’ theorer) [10], and the way

unambiguous in the continuum limit, and computes them[hi ; :
. o X s comes about is due to a new kind of ghdg&l]. The
there. Useful identities obtained at the regulated level from ghdt]

Eq. (15) are difference proportional t&(7— o) between thepp andqq
propagators turns out to be the propagator of those ghosts
Ar . — o which we have called Lee-Yang ghosts after Lee and Yang,
A(nD+7A(n 1 =0,CA(m7), who where the first to point out that in the deformed har-
monic oscillator(using arbitrary coordinates in one dimen-
sion) one needs extra(0) terms in the action or Hamil-
tonian[11]. The modern way to deal with these ill-defined
objectss(0) is to introduce new ghosts, just as in the famil-
iar case of Faddeev-Popov ghosts for gauge theories. From
the formal definition of the path integral, it is clear that Mat-
thews’ theorem should hol[d 2], but as always it is desirable

Ixg,,(x)x", respectively, and théq(7)q”(c)) propaga-

tor contains a Dirac delta function but tH@,(7)p,(o))
ropagator is completely regular. Although the vertices and
ropagators differ, the result for the transition element

“A(T,0)=A"(7,0). (39

The first identity was used to compute E8). Here is a list

of integrals that are easily computed using partial
integratiod and whose values ardifferent from the time
discretization method:

’In [4] the noncovariant part of the countertet#5) was missed.
In Riemann normal coordinates this term affects only the coeﬁicien%
of the Rfmp term in the four dimensional trace anomaly, which was
erroneously calculated.

8To obtainl,, use A°)("A° =%HT(A')2, partially integrate, use
..A:Au h e A. 221 A. 3.T . I .

~A7 and then useA™)(4)"=30,(4)". To obtainlg, write 0 0y Sx+(7 0)=1— 3(7— o) and A= 5(7— o), the re-

the integrand ag\("A)39,(A"), partially integrate, and use then ¢ 1ts helow Eq(35) follow.
A("A)(A')2=A(A")(A')2=A%a,(A‘)3. Then partially integrate OMatthews’ theorem holds for connected graphs and originally
once more. only applied to nonderivative interactions.

%In the time discretization schem¥o— 7) is a Kronecker delta
unction and#(0)=73. This leads to a fully consistent scheme as
shown in[8]. For example,ffdo dr §(o—7)0(oc—7)60(c— 1)
=[fdo d7 8(c—17)6(c—7)6(7—0)=5 whereas mode regular-
ization would give: and 3— %=1 respectively. Using'A(7,)
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to check this by a nontrivial calculation. Moreover, such anumber of loops. The configuration space interactions and
calculation in turn may reveal a relation between the Feynpropagators are as in Sec. Il, though regulated as in footnote
man graphs in both approaches which can lead to a diagran:

matic proof of Matthews’ theorem. With this in mind we

calculate the two-loop correction to the transition element 1 . 1 (o 1 v oy
(x#,0|x*,— B), both using the phase space approach and™ 7 Sint :_B_;JldT S190(¥) ~9,(Xp) J(x*x"+ a%a

the configuration space approach to path integrals.

Using time discretizatiorisee footnote B the transition pw B (o
element is given in both phase- and configuration-space by +b¥c )_gjlldT AVy,
B~

(xilexpg = 2H |]x;) (q“(1)q"())= — Bg** (X)) A(7,0)~ A

_19(x0) Y4(—1/2B)g,.,(x) E4€" | exp( B ES )> (9“(7)9"(0))=— B (xp)[ 7+ B0 —7)]~ A"

g(x)) (27Bh)P2 | Ao ) o
36 (@(7)9"(0)) =~ Bg* (X[ 1~ (7= )] ~"A"

where (278%) P2 is the usual Feynman measure ang] (a*(r)a’(o))=Bg""(x;) 8(t1—o)~—""A
and |x;) are both normalized agd®x./g(x)|x)(x|=1. The
factor[g(x)/g(x;)]* in the measure is a direct result from (b*(7)c"(0))=—2Bg*"(x;) 8(7— o) ~2"A.
this normalizatiod! Furthermore, r=t/B8, and x*(7) (40)

=x’gg(7-)+q”(r), wherexgg(r)=x§‘+ 7(X§ —x*) is the back- o
ground solution of the free equations which satisfies the corFrom "A’=1-4§(7—¢) and "A=4§(7—0) it is clear that
rect boundary conditions, angt‘(7) are the quantum fluc- the sum of the(qq) and the ghost propagators is equal to

tuations. minus the(pp) propagator:
The phase space interactions and propagators are given by

_E phase:_ijo dr 1[(\';"“’(X)—Q'MV(X )]5 B
S i) 97 3 )1PuPy (41)

+ i_hjo dr TM(X?L_XiM)_ng dr AV, Further, the/qp) and t_he(qd) propagators are equal up to a
Bh) -1 -1 factori (note thatp=ix is a field equatiohn

37
D T~,, 0))=Bhg,.(X)~—1,
Pul7)P(0))= BG,00(X0) We are now ready to evaluate two-loop diagrams. The result
r — _ PAe for the é¢#=x/—x# independent part is given in Fig. 1. In the
s =—iBho’[T+ 6 ~iA°, ' f ) o .
(@ (7)pu()) o[t 0(o=1)] phase space approach, one finds derivatives of the inverse
(U1 (o)) =— Bhg* (X )A(7,0)~ A metric g#” which we have converted to derivatives of the

(39) metric g, for the purpose of comparison. The relations
A, B, F, andG follow immediately from Eqs(41) and(42).
where we recall Considering the identitie€, D andE one must note that the
phase space expression comes from both one- and two-vertex
A(r,0)=1(c+1)0(t—0)+o(1+1)6(c—7). (39  graphs. The identities then follow from rewriting Ed1) as

We have rescaleg (o) into (1/8)p,(o) in order that all e =~ e —
propagators have a factggz and all vertices a factor
(Bh)~1. The B and% appear always together and count the
and replacing a “ghost” propagator on the phase space side
by its value B%) times a delta-function, which pinches
WnsertingN sets ofp-eigenstates and— 1 sets ofx-eigenstates the t_wo ve_zrtices. It is clear thgt the two_-loop corrections in
gives a factof g(x;)g(x;)]~** but the phase space path integration CONnfiguration space agree with those in phase space. We
over thep’s and theg’s gives an extra factag(x;) 2 because there have also checked th&* dependent terms in the transition
is one morep thang’s. This extra factor is taken at the poirf ~ €lement and found complete agreement with Bd). As,
because we expanded the metric around this point. In the configl?nce again, all configuration space graphs at the three- and
ration space path integral, one integrates oveptheexponentiates  higher-loop level are unambiguous, the two-loop calculation
the factorgg(x) by introducing ghosts, and then produces factors ofsuffices to show the equivalence between the phase- and
g(x) by integrating over the ghosts, with the same final result. ~ configuration-space path integrals.

- ———— 9
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Phase space Configuration space

O - -00-00
e A -0
c: 3y -m (Ol = = -
Di el -0 £ X - O—0O
B - XD - ©
S 6 e (O—0) (O
FIG. 1. Two-loop diagrammatic identities using time slicing. Each corresponds to the coefficient of a particular metric structure present

inl the two-loop partition flunction: A, =7 9”00, 1B, — 7 9°*9P70,059,,; C, —1% 9°P9"*9"99,9,,,959,0; D,
—2 ga#gﬁpgvaﬁaguvﬁﬁgpn’; E1 —2 gapgﬂ/ugvoﬁagy.vaﬁgpa'; F! -8 gaBgMVng'aag,uVa,ngO_; andG, —2 gaﬂgﬁygpaﬁagﬂvﬁﬁgpn"

IV. CONCLUSIONS It remains to explain why the coefficient of tiieterm in

o . L . AV is equal to} in all “reasonable” regularization schemes.
The two regulgnzaﬁon .SChe”.‘e.S con§|dered in this artICIeLet us call a scheme reasonable if it satisfies Matthews’ theo-

mode regularization and “”.‘e slicing, give the Same answWelRm Then the first two graphs in Fig. 1 should give the same

at all orders of loops provided one adds specific omfer  oqut in configuration space as in phase space. The equality

counterterms to the action in the configuration space path,, graphB is always satisfiefisee Eqs(38) and (40)], but
integral. These terms are proportional to the curvaRit&it  for graphA one finds the condition

also to products of two Christoffel symbols and the latter are
different for the two schemes. These extra terms of ofider
follow in the time slicing method from rewriting the Hamil-
tonian in Weyl-ordered form, but for mode regularization we
could only determine them by requiring that the Scfinger +7A(7,0)][ =4} (43
equation be satisfiedThis way of fixing the extra terms can
also be applied to time slicingAs a nontrivial check that
these extra terms are indeed needadd also a check on . i L S )
their explicit form we evaluated the three-loop contributions With the naive act'lors=2§gw(?<)x“x will then contain a
to the trace anomaly in both schemes and indeed found tH¥0-loop contribution £°/24)R just as the phase space cal-
same(correc) answer. culation Wpu|d give. The_ comp_le_:te phase space Hamiltonian
We also considered phase space path integrals. Their lodg?) contains, however, in addition the countertei®h The
graphs contain no divergences. We gave a diagrammati®tal R term in the Hamiltonian element is thén#%/12)R
proof of Matthews’ theorem that phase and configuratiorfor any reasonable regularization scheme andRterm in
space path integrals give the same transition element. A keijie action to be used in the configuration space path integral
observation was that the difference between the phase spaas coefficient.
propagatok p(a)p(7)) and the configuration space propaga-
tor (d(a)d(r)) is equal to the propagator for the Lee-Yang
ghosts. The latter results when one exponentiates the factors The research of P.v.N. was supported by National Science
Vvg(x) which are produced by integrating out the momenta.Foundation Grant Phy 9722101.

0 0
j dr A(T,T)Zf dr{A(7,7)['A*(7,0)
-1 -1

Both time slicing and mode regularization satisfy this condi-
tion. In all such reasonable schemes the transition element
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